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Abstract 

In this paper, we show the Hasse principle for the character group 
of a finitely generated field over the rational number field. By applying 
this result, we obtain an algebraic proof of unramified class field theory 
of arithmetical schemes. 



1 Introduction 

The Hasse principle for the character group of a global field is known as a 
classical result ((U p. 180, 8.8 Corollary]). The classical class field theory is used 
to prove this result, especially the first inequality p. 179, 8.4 Consequence]). 
The objective of this paper is to show the Hasse principle for the character group 
of a finitely generated field over the rational number field Q, that is, to show 
the following results. 



Theorem 1.1. fTheoreml4.1|) 

(i) . Let fc be a finitely generated field over Q; X, a regular algebraic curve 

over fc; and R{X), the function field of X. Let R{X)^ be the function field 
of the Henselization of Ox,p for p € X\(0). Then, the local-global map of 
the character groups 

Hi(i?(X),Q/Z)^ n Hi(^p,Q/z) 

P6X\(0) 

is injective. 

(ii) . Let the Kronecker dimension of k be n. For a certain set of n-dimensional 

local fields {fcn,i}iep„, the local-global map 



Hi(fc,Q/Z) ^ II Hi(fc„,,,Q/Z) 



is injective. Moreover, 

Hi(i?(X),Q/Z) ^ H R\R{X X fc„,0,Q/Z) 



is injective. 
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By applying the above results, we obtain the following: 

Corollary 1.1. (Corollary 14. ip Let X he a connected normal scheme of 
finite type over Spec(Z) where the characteristic of X is 0. Suppose that i < 
dim(A'). Then, 

R'iX,Q/Z)^ n h1(a£(p),Q/Z) 

is injective. 

This result yields an algebraic proof of the unramified class field theory of 
arithmetical schemes ([lOl p. 2 70, Theorem (5.10)]), which is proved by using 
Chebotarev's density theorem in [TU] . 

2 Notation 

For a scheme X , is the set of points of codimension i, and X*^*^ is the set of 
points of dimension i. We denote by 7r"''(X) the abelian fundamental group of 
X. For an integer m > 0, we identify the etale cohomology group H^(X, Z/mZ) 
with the group of all continuous homomorphisms Tr^''{X) — > Z/mZ. 

For an integral scheme X and p S X, let k{p) be the residue field at p; 
R{X), the function field of X; Ox,p, the local ring at p; Ox,p, the Henselization 

of Ox,p', R{X)^, its quotient field; Ox,p, the completion of Ox,p', R{X)^, its 
quotient field; Ox,p, the strict Henselization of Ox,p', and R{X)p, its quotient 
field. When an integer m is invertible in Ox, fJ-m denotes the sheaf of m -th 
roots of unity on the etale site Xet of X. For a local ring A, K*^(A) denotes 
the Milnor if- group of degree n for A. 

3 Higher local class field theory and its applica- 
tion 

In this section, our objective is to prove Proposition l3.3[ which is a generalization 
of [3 p. 524, Lemma 5.4]; it is required to prove Theorem 14. II 

3.1 Higher local field theory 

In this subsection, we review higher local field theory, which plays an important 
role in the proof of the main result. 

Definition 3.1. A field K is called an n- dimensional local field if there is a 
sequence of fields fc„, • • • , fco satisfying the following conditions: kg is a finite 
field, ki is a Henselian discrete valuation field with residue field fci^i for i = 
1, 2, ■ • • , n, and kn — K. 
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For any field k of characteristic 0, and r > 1, let 

be the Galois cohomology groups. 

Then, there exists a canonical isomorphism 

: H"+i(A') ~ Q/Z. 

For < r < n + 1, the canonical pairing 

(, ):H'-(if)xK^V.(^)^H"+'(^) 
induces a homomorphism 

: W{K) ^ Horn (K:^i_,(i^), Q/Z) 

Theorem 3.2. [B] Let K be an n-dimensional local field and F be the 
n ~ 1-dimensional local field that is the residue field of K. Then, 

(i) . The correspondence 

L~^^L/K<{L) 

is a bijection from the set of all finite abelian extensions of K to the set 
of all open subgroups of {K) of finite index. 

(ii) . $^ induces an isomorphism between ^{K) and the group of all contin- 

uous characters of finite order of K^;^_^(A') when ^ r ^ n + 1. 

(iii) . We have the commutative diagram 

Kf (K) ^ GaKif'^V^) 

d 

K^li(F) -Gal(F-Vi^), 

where the horizontal arrows come from the class field theory, and the left 
vertical arrow d is the boundary homomorphism. 

In particular, an element x ^ H^(i4r, Q/Z) is unramified, that is , the 
corresponding cyclic extension of K is unramified, if and only if (x) is 
trivial on Ker(9). 

3.2 Class field theory of schemes over Henselian discrete 
valuation field 

Let Z be an excellent scheme. For x G Z'^^^ and y G let 
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be the following homomorphism. Let W be the normalization of the reduced 
scheme {y}, and define 9| as 

x' 

Here, x' ranges over all points of W lying over d^' denotes the tame symbol 

associated with the discrete valuation ring Oy,x' and ^k(x')/k{x) is the norm 
map 

Kf(^(a;'))^Kf(«;(x)). 

Then, 

xeZ(^) KS^d) xGZiO) 

is complex by [7]. For an integer n, we define 

SK„(Z) = Coker(a: K^^Mv)) ^ K i^^))] ■ 
\ yezw xezm j 

We consider schemes j£, X, and Y which satisfy the following assumption. 

Assumption 3.3. O^: a Hcnsclian discrete valuation ring with residue 

field F and quotient field k, 

X : a connected regular proper scheme over S — Spec(C'i:), 
X = X fc and y = X ®Ok ^• 

Then, C X(2), = uy^^), and X(°) = Y^^\ Hence, we have the 
anti-commutative diagram 

e.ex(i) K*'+i(«(i^)) e„gx(o) Kf (a^H) SK„(X) 

e,ey(i) Kf e,ey<„, Kf_i(^(a;)) SK„_i(y) 0. 

(1) 

Therefore, we obtain the homomorphism 

5:SK„(X)^SK„_i(y). 

Let fc be an n-dimensional local field. Suppose that X is a smooth proper 
algebraic curve over fc. Then, we construct a homomorphism 

T : SK„(X) ^ Trf (X). 
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Let K be the function field of X, P = X^^^; Rp, the Henselization of Ox,p for 
p e P; and Kp, the quotient field of Rp. Then, we define 

= UpeP^n+liKp), 

where Y[' denotes the restricted product with respect to the subgroups Ker(9p) = 
Kf+i(i?p)forpGP. 

Let X be an element of H^(/'ir, Q/Z) and xp be the restriction of x to 
H^(ii'p,Q/Z). Note that Xp is unramified for almost all p E P. Hence, if 
a = (ap)pgp is an element of Ik, by Theorem 13. II (iii) and the definition of Ik, 
we have 

{Xp,ap)p = $Kp(Xp)(ap) = 

for almost all p G P. 

Consequently, we obtain a pairing 

( )k ■.il\K,Q/^)®lK ^Q/Z, (2) 

defined by 

{x,{ap)pep)K = ^{Xp,ap)p. 
peP 

Then, we have the following result. 

Proposition 3.1. (c.f. [9l p.57, II, Proposition 1.2]) Let k be an n-dimensional 
local field. Let X be a smooth proper curve over k and let K = R{X). Then, 
if a = (ap)pgp is in the diagonal image of K^^^-^{K) in Ik, we have, for any 

xeHi(if,Q/z), 

{x,a)K = 0. 

Proof. Let p be a prime number. Then, it is sufficient to prove the statement 
for an element of ll^{K, Z/pZ). The proof is similar to (SJ p.57, II, Proposition 
1.2]. □ 

By applying this result, we obtain a generalization of '9', p. 76, II, Theorem 
7.1]. 

Corollary 3.1. Let i be a cyclic extension of K in which almost all p S 
X^^'' split completely. Then, all p e X^"^ split completely in the extension. 

Proof. Now, we have a finite morphism X — > F^.. Every finite subset of Pj. is 
contained in an open affine set, and so is X. Let / be a subset of X^^"^ such that 
the elements of X'^^'>\I split completely in L. Then, there exists an open affine 
scheme Spec(i?) of X that contains /. 

For any positive integer i and p G P, let U^{K*) = Ker (P* (Pp/p*Pp)*) 
and let W K'^^^{Kp) be the subgroup generated by symbols {u,xi, - ■ ■ , a;„} with 
u e U^{Kp) and xi, • • • ,x„ e K*. 

Then, the image of 

K+iiK) -^llK'^,iKp)/WKt'^,iKp) 
pel 
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is surjective by the approximation theorem for a Dedekind domain R. 

Moreover, a norm subgroup of K*+i(i4:p) contains C/*K*+i(A'p) for a suffi- 
ciently large i. Hence, the statement follows from Proposition and Theorem 

[3J(i), (ii). □ 

Let Ck be the quotient of Ik by the image of the subgroup K^_^i{K). 
By Proposition 13.11 and the pairing ([2]), we obtain a pairing 

( )k ■■li\K,Q/Z)<E>CK ^Q/Z. (3) 

Now, we observe that the quotient of Ck by the image of the subgroup 

n <URp) 

PGP 

is canonically isomorphic to SK„(X), because the quotient of K'^^_^i{Kp) by 
K^_^i{Rp) is isomorphic to K^(k;(p)) via the boundary map dp. 

Consequently, the pairing ^ induces the pairing 
Q/Z, and we obtain the homomorphism r : SK„(X) H^(i^,Q/Z)* = Trf{X). 

Corollary 3.2. Let k be an n-dimensional local field where the character- 
istic of is and X is a smooth proper scheme over k. Then, we obtain the 
homomorphism r : SK„(X) 7rf^(X). 

Proof. By the same argument as that in the proof of TIT, p. 259, Lemma (3.2)], 
it is sufficient to prove the statement for a proper smooth curve over k. Thus, 
the proof is complete. □ 

Then, we have the following result for homomorphisms d and r. 

Lemma 3.1. (c.f. [ini p. 261, Lemma 3.11 (2), (3)]) Let k be an n-dimensional 
local field. Suppose that X and Y satisfy Assumption 13.31 Then, 

(i) . The map d is surjective. 

(ii) . We have the commutative diagram 

SK„(X)^^7rf (X) (4) 
a 5 

SK„_i(y)^-<(y). 

Here, 6 is the composition map Tri(X) 7ri(X) -f- t^i{Y) , in which the 
first map is surjective because X is normal 01 p. 41, I, Examples 5.2 (b)] 
and the second map is an isomorphism by [T, Theorem (3.1) and (3.4)]. 

Proof. The proof is similar to [lOl p. 261, Lemma 3.11 (2), (3)]. We use Theorem 
[32](iii) to prove (u). □ 
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The following is known as a generalization of a Henselian regular local ring . 

Lemma 3.2. ([lOj p. 263, Lemma 3.15]) Let A be a Henselian regular local 
ring of dimension ^ 2, with perfect residue field F and quotient field K. Let T 
be a regular parameter of A, and suppose that in case ch(_fir) = and ch(_ft') = 
p > 0, (T) is the unique prime ideal of height one that divides (p). Put U = 
Spec(A[l/r]). 

Then, if x G H^([/, Q/Z) induces an unramified character Xu G H^(m, Q/Z) 
for each u 6 ?7*^°\ x comes from H^(Spec(A), Q/Z). 

We show the following fact by using this result and higher local class field 
theory. 

Proposition 3.2. (c.f. [TOl Proposition 3.12]) Let k be an n-dimensional 
local field. Suppose that X, X, and Y satisfy Assumption 13.31 Moreover, X is 
smooth over S. Let x e H^(X,Q/Z) and x ■ SK„(X) Q/Z be the induced 
homomorphism. Then, the following are equivalent: 

(i) . X comes from the subgroup 

Hi(y,Q/Z) ~h1(X,Q/Z) -^Hi(X,Q/Z). 

(ii) . X factors through the map d. 

Proof. The proof is similar to that of lOj Proposition 3.12], as follows, (i) 
implies (ii) by Lemma 13.11 Therefore, it is sufficient to show that (ii) implies 
(i). For X £ Y'^^\ let be the Henselization of the local ring Ox of X at x. Let 
Ux = Spec{Ax) Xx X, and let Xx & H^(f72:, Q/Z) be the restriction of x- Then, 
the canonical morphism Ux ^ X induces a bijection 

J -.{UxY''^ ^{ueX^^^u^x}, 

and for u G iUx)'^°\ ^^Uiu)) — n{u). 

We assimie (ii). Then, for every u £ {Ux)^'^\ the restriction Xx,u S H"^(u, Q/Z) 
of Xx corresponds to an unramified extension of k(m) by Theorem 13.21 fiii). Let 
t be a prime clement of Ok- Then, t becomes a regular parameter of Ax by the 
assumption of X. Hence, Xx comes from H^(Spec(Aa;), Q/Z) by Lemma [3^ 
Therefore, (ii) implies (i) by descent theory. □ 

Definition 3.4. Let Z he a Noetherian scheme. A finite etale covering 

f : U Z is called a c.s. covering if any closed point x of Z splits completely 
in the covering, that is, SpecK(a;) Xz U is isomorphic to a finite sum SpecK(a;), 
where k{x) is the residue field of x. Let tt^-^-IZ) denote the quotient group of 
TTi^{Z) that classifies c.s. coverings of Z. 

Let X be a normal scheme. Then, 

Honwt (7r-^(X), Q/Z) = Ker [ R\X, Q/Z) ^ [] R\^,{p),Q/Z) 

\ pex(o) 
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by Definition 13.41 In addition, 



Ker Hi(X,Q/Z)^ [] h1(ac(p), Q/Z) 



= Ker |Hi(i?(X),Q/Z)^ [] Hi(:R(X)p, Q/Z) 
V pe^(i) 

Lemma 3.3. (c.f. p. 524, Lemma 5.4]) Let k be an n-dimensional local 
field. Suppose that X, X, and Y satisfy Assumption l3.3l Moreover, X is smooth 
over S. Then, the specialization map Sx (where we omitted suitable base points) 
is surjective and induces an isomorphism 

7ri(X)--^^i(F)--. (5) 

Proof. The proof is similar to [5^ p. 524, Lemma 5.4]. The surjectivity of Sx 
follows from the definition. Therefore, the surjectivity of ([5]) follows. The injec- 
tivity of ([SI follows from Proposition [321 D 



Let ko,ki, ■ ■ ■ kn = K he a. sequence of fields as in Definition 13.11 and let X 
be a proper algebraic curve over K. Let Oki (0 ^ i ^ n) be a Hensclian discrete 
valuation with quotient field ki. When X satisfies the following condition, we 
say that X has a good reduction in each step. 

X has a good reduction, that is, there is a proper smooth morphism X — >■ 
SpecOfc^^. For any irreducible component of X 00^^ kn-i , it has a good 

reduction. Moreover, we can repeat the above step until we obtain a proper 
smooth morphism Xq Spec/co- 

Then, we have the following result. 

Proposition 3.3. Let k be an n-dimensional local field. Let X be a proper 
algebraic curve over k and regular with a good reduction in each step, and let 
P be the set that contains almost all closed points of X. Then, 

Ker Ih\R{X)M/Z) ^ Jln\R{X)^M/7^)j =0. 



Proof. Proposition 13.31 follows from Lemma l3.3l and Corollarv l3.1l □ 



4 Proof of Theorem 14.11 

First, we prove the following Lemmas in order to prove the main result. 

Lemma 4.1. Let A be a Dedekind domain; k, its quotient field; and X, a 
proper algebraic curve over k. Let fcp be the Henselization of fc at p G Spec(A). 
Suppose that the characteristic of fc is 0. 

Then, X Xk kp has a good reduction for almost all p £ Spcc(yl). 
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Proof. Let L be the function field of X. Let Y be the normahzation of P\ 
in L. Then, Y -> is finite ([H I, Proposition 1.1]). Hence, Y P\ is 
proper ([H I, Proposition 1.4]). Therefore, f : Y ^ Specvl is proper, and so is 
f -.Yx Spec A Spec fc Spec k , which is the base change of / by Spec fc — J> Spec A. 
Since Y XspecA Spec A; is regular, /' is smooth and Y XspecA Specfc ~ X . 

Let T be the set of elements in Y that is smooth over Spec A. Then, the 
proper map / takes the complement of T to a closed set B of Spec A. Since /' is 
smooth, B is a. proper subset of Spec A, and hence, it consists of finite elements. 

Let be the localization of A at p G Spec . Then, Y x spec A Spec Ap — >• 
SpecAp, which is the base change of / by SpecAp — !> Spec A, is proper and 
smooth. Therefore, the statement follows. □ 

Lemma 4.2. Let k be an arbitrary field with notations A,X as in Lemma 
14.11 Let P be the set that contains almost all closed points of X. Let kgl(P) 
denote the kernel of the local-global map 

R\R{x),q/z) ^ n h1(^rK,Q/z)- 

Suppose that there exists a separable algebraic field extension ki over k for i G I 
and that the natural homomorphism 



Hi(fc,Q/Z) ^[]Hi(fc„Q/Z) 



iei 

is injective. Let Pi be the inverse image oi P hy X x k ki ~> X . 

Then, Pi contains almost all closed points of X®kki and the homomorphism 

kgl(P)^[]kgl(F,) (6) 

is injective. 

Proof. Let if be a field; Ks, its separable closure; and Z, an algebraic curve 
over K. Then, Z Xk Ks ^ is a Galois covering, and its Galois group is 
G{Ks/K). Then, there exists a Hochschild-Scrrc spectral sequence 

HP(G(K,/K), W{7. Xk K„ Q/Z)) ^ H"(Z, Q/Z) 

(cf, m III, Theorem 2.20 and Remark 2.21]), and hence, we have an exact 
sequence 

^ Hi(if, Q/Z) ^ Hi(Z, Q/Z) ^ Hi(Z xk if^, Q/Z)^(^=/^). 
Therefore, the diagram 

^ H^(fc, Q/Z) ^ h1(X, Q/Z) ^ Y^\X Xkks, Q/Z)G(fc=A) 



J]Hi(fc„ Q/Z) ^llll\X Xk fc„ Q/Z) ni^'(^ fc„ Q/Z)G('==/'=') 

ie/ ie/ iei 
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is commutative. Then, the vertical map on the right-hand side is clearly injec- 
tive, and so is that on the left-hand side by the assumption; hence, that of the 
middle, 

Hi(X,Q/Z) ^[]h1(X x,fc„Q/Z), (7) 

is injective. Since the homomorphism (|6]) is obtained by the commutative dia- 
gram 

(X, Q/Z) ^ (X X fe fc„ Q/Z) 



\{n\K{y)MI^) n Hi(«(a;),Q/Z), 

the homomorphism Q is injective. □ 

Let F be a finitely generated field over Q. Let the Kroneker dimension of F 
be n. Then, there is a finitely generated field F' such that F' is algebraic closed 
in F and the Kroneker dimension of -F' is n — 1. 

Moreover, we have the regular and proper algebraic curve X over F' such 
that R{X) — F. Hence, there exists an inclusion map F — > F„_i, where Fn^i 
is an n-dimensional local field with a sequence of unramified extension fields 
ko, - ■ -kn = Fn^i satisfying the conditions in Definition 13.11 

Then, the following main result follows from the above lemmas. 

Theorem 4.1. (i). Let /c be a finitely generated field over Q. Let X be a 
regular and proper algebraic curve over k. Let P be the set that consists 
of almost all closed points of X. 

Then, the local-global map of the character group 

Hi(i?(X),Q/Z)^ nH'(Wp,Q/z) (8) 

is injective. Hence, the homomorphism ([8|) is injective, regardless of 
whether X is complete. 

(ii). Moreover, let the Kronecker dimension of k be n. Suppose that the set 
{kn,i\iePn is such that an n-dimensional local field fc„ ^ is derived from k 
as shown above and X x^. fc„ j has a good reduction in each step. Then, 
the local-global map 

Hi(fc,Q/Z) ^ W Hi(fc„,„Q/Z) (9) 

iePn 

is injective. Moreover, 

^\R{X), Q/Z) ^ W }i\R{X X fc„,,), Q/Z) (10) 
ieP„ 

is injective. 
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Proof. We prove the statement by induction. Suppose that k is an algebraic 
number field and X is the ring of integers of k. Then, the homomorphism (|8]) is 
injective by [H p. 180, 8.8 Corollary]. When (i) holds for fc„ with the Kronecker 
dimension n > 1 , that is, the homomorphism ([S]) is injective, we see that © is 
injective by Lemma |4. II Let Z he & regular scheme. Then, 

O^Hi(Z,Q/Z) ^Hi(i?(Z),Q/Z) ^ W Hi(i?(Spec(Oz.p)),Q/Z) (11) 

pe2(i) 

is an exact sequence. Since the sequence (jlip is exact and the homomorphism 
([7]) in the proof of Lemma l42l is injective, we see that the homomorphism (|10p 
is injective, that is, (ii) holds. 

When (ii) holds for fc„, we see that (i) holds for fc„ as follows. Let {ki]i^i be 
the set of n-dimensional local fields that satisfy the assumption of (ii). Then, 
{feijig/ satisfy the assumption of Lemma [4.21 bv (O- Hence, it is sufficient to 
show that kgl(Pi) = to show (i). It follows from Proposition 13.31 Therefore, 
the proof is complete. □ 

Remark 4.1. A method of algebraic geometry enables us to prove Theorem 
I4.1l bv induction. Theorem 14.11 follows from the Hasse principle for the character 
group of a global field, and it is proved by an algebraic method (c.f. [31 p. 180, 
8.8 Corollary]). Therefore, Theorem 14. II is proved by an algebraic method. 

By applying the main result, we obtain the following result. 

Corollary 4.1. Let X he a, connected normal scheme of finite type over 
Spec(Z) where the characteristic of X is 0. Suppose that i < dim{X). Then, 

R\X,Q/Z)^ n Hi(/«(p),Q/Z) (12) 

is injective. The statement for i = dim(A') is equivalent to the following: 
If 3^ — >■ A" is a connected c.s. covering, y X is an isomorphism. 

Proof. Let Spec(^) be an open affine scheme of X. Let f : Z — >■ A be a ring 
homomorphism that corresponds to a morphism of schemes 

Spec(A) cX ^ Spec(Z). 

Suppose that R{X) is an algebraic function field in one variable over K. Then, 
we have a normal ring B with R{B) = K and g : B ^ which is an extension 
of f. Since Spec(v4) (8)spcc(B) K is normal, Theorem 14.11 holds in this case, and 
the homomorphism (|12p is injective for i ~ 1. 

Moreover, let he the normalization oi A/p. Since Spec(v4P) Spec(A/p) 
is finite by [3J Proposition (7.8.6)], A'^ is a normal scheme of finite type over 
Z. In addition, the homomorphism II^(<Y, Q/Z) II^(k(p), Q/Z) goes through 
Hi(SpecAP,Q/Z), and Hi(Spec ^P, Q/Z) ^ h1(k(p),Q/Z) is injective. Now, 
CoroUarv 14. II holds for Specif and i = 1. Therefore, it holds for X and i = 2. 
By repeating the above argument, we can see that the statement holds for any 
i < dim{X). □ 
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